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1. INT~IODUC-~I~N 
The present work follows along the lines of previous work of Quillen [7] 
and Bjorner [2]. 
We give simple proofs of some results of Bjiirner relating the vanishing of 
the Miibius function to the structure of complements in a partially ordered 
set, as well as a generalization of one of Bjiimer’s results. 
We believe the present approach represents a simplification of the 
techniques used so far. 
2. THE HOM~TOPY EQUIVALENCE THEOREM 
Let P be a partially ordered set-poset, for short--and let d(P) denote the 
simplicial complex of all finite chains of P. 
We associate to P a topological space IPI, by geometrically realizing thp 
simplicial complex d(P), equipped with the weak topology (see, e.g. [9]). 
On the other hand, every simplicial complex K can be regarded as a poset, 
by taking simplices as points and inclusion as ordering; to avoid confusion, 
we shall write R when we want to emphasize its order structure. Needless to 
add, the topological spaces IPI and la(P)1 are homeomorphic, since d@(P)) 
is the barycentric subdivision of d(P). 
These remarks lead us to assign topological concepts to posets. The basic 
notion we will use is that of homotopy equivalence: we say that two posets P 
and Q have the same homotopy type if and only if the topological spaces (P) 
and ] Q ] have. In particular, we say that P is contractible if (PI has the same 
homotopy type of a point. 
Furthermore, a poset P will be said conically contractfbZe if there is a point 
p,, e P such that the join p V p. exists for every p E P; in this case p,, will be 
called a conic@Z, vertex for P. Elementary arguments show that conically 
contractible posets are contractible (see [7]). 
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Now, we recall Quillen’s basic result 16, Theorem A], here expounded in a 
form which can be found in [7, Corollary 1.81. 
A subset Z of a poset P is called closed if p < q E Z implies p E Z. 
THEOREM 1. Let P and Q be posets and let Z be a closed subset of 
P x Q. If, for every p E P and q E Q, the projection mapJibers 
and 
zq= {PEP;(P,q)EZj 
are contractible, then P and Q have the same homotopy type. 
3. THE CUTSET THEOREM 
A subset F of a poset P is called final if it contains all maximal elements 
of P; given a final subset F of P, we can construct a simplicial complex 
@(F,P) by taking the elements of F as vertices and all lower bounded finite 
subsets of F as simplices. 
Now, we recall that F is called meet-coherent if, whenever 7’ is a finite 
non-empty subset of F which has a lower bound in P, then T has a meet in 
P. 
We have: 
PROPOSITION 1. Let F be a meet-coherentfinal subset of P. Then, P and 
&(F, P) have the same homotopy type. 
Proof: Let us define a closed subset of P x f&F, P) by setting: 
Z = {(p, o) E P x b(F, P); in the order of P, the point p is comparable 
with every point in the simplex o}. 
Now, for every p E P, Z, is non-empty and it is conically contractible, since 
any O-simplex {q} E @(F,P) such that q 2 p yields a conical vertex for ZP . 
Conversely, for every u E @(F, P), Z, is non-empty and it is conically 
contractible, being m = A {q E P; q E u} a conical vertex. 
We say that a subset C of P is a cutset in P if every chain of P can be 
extended to a chain which contains an element of C. 
A cutset C of P is said to be coherent if, whenever T is a finite non-empty 
subset of C which is bounded in P, then T has either a join or a meet in P. 
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FinaIly, a subset S of P is called span&g if it has neither a lower bound 
nor an upper bound in P. 
Given a cutset C of P, its finite non-spanning subsets yields a simplicial 
complex which will be denoted by r(C, P). 
The next theorem has been proved by, I&ser [S] for lattices, and recently 
generalized by Bojcimer [2] to posets. 
THEOREM 2. Let C be a coherent cutset of P. Then, P and f(C, P) have 
the same homotopy type. 
Proof. We define a closed subset 2 of d(P) X f(C, P) by setting: 
Z = ((y, 6) E a(P) X f(C, P); in the order of P, every point of y is 
comparable with every point of S}. 
Now, for every y E a(P), Z, is non-empty and conically contractible; in 
fact, if we choose a point p E C provided that p is comparable with every 
point in the chain y, the singleton {p} is easily seen to be a conical vertex for 
zY’ 
Conversely, if we fix any 6 in T(C, P), it must have either a meet or a join 
in P. Suppose, for instance, it has a meet m = A {p E P; p E 6): then, the 
singleton {m} is a O-simplex of d(P) and it provides a conical vertex for Z,. 
Recalling #at Id(P)1 and \PI are homeomorphic, the statement follows. 
The next result has been proved by Folkman [4] for lattices. 
COROLLARY 1. Let C be any coherent cutset of P. Then 
H,V (PN N- f4lmc9 PN 
for every n E N. 
Let now p be the poset obtained from P by adjoining a maximum element 
? and a minimum element 6. If P is finite, the Mtibius number p(P) of P is 
the evaluation in (6, ‘I) of the Mobius function of P. 
The next result is the well-known Cross-Cut Theorem of Rota [8], here 
restated in a more general form due to Bjiirner [2]. 
THEOREM 3. Let C be a coherent cutset of the finite poser P, and k?t qk 
be the number of spanning k-element subsets of C. Then 
p(p)= 2 (-l)kqk’ 
k=2 
Proof: It follows usual lines. Let a,, be the number of non-spanning 
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(n + I)-element subsets of C; then, a, + qn+l = ( ,!:I, ). By Hall’s Theorem 
(see, e.g. [8]) we know 
where x(.4(P)) denotes the Euler characteristic of d(P). 
Now, by the Euler-PoincarC formula and the preceding corollary, we get 
p(P) + I= 2 (-1)” rank H,@(P)) 
n=o 
= go (-1)” rank H,(T(C, f’))
= 1 + 5 (-l)kqk. 
k=2 
4. THE EFFECT OF COMPLEMENTATION 
Let P be a partially ordered set and’ let F be a meet-coherent final subset 
of P. We say that P is strongly complemented with respect to F if- the 
following condition holds: 
given any p E P, there exists a finite subset A of F such that 
the pair (p, A qeA q) has neither an upper bound nor a lower 
bound in P. 
c*> 
This notion of strong complementation clearly generalizes Bjorner’s one, and 
strengthens the classical notion for lattices. Hence, next results are 
generalizations of previous ones of Bjorner [2], Baclawski [l] and Crapo 
[ 31, respectively. 
THEOREM 4. Let F be any meet-coherent final subset of P. If P is not 
strongly complemented with respect to F, then P is contractible. 
Proof: Let p E P be a point such that condition (*) fails. We construct a 
subcomplex @, of the simplicial complex @(I;, P) by taking only simplices 
whose vertices are greater or equal to p in the order of P; clearly 6, is a 
conically contractible poset. 
We define a closed subset Z of &p x &(F, P) by setting: 
Z = ((y,6) E 6, x T&F, P); y U 6 is a simplex of @(F, P)}. 
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Now, for every y E 6,, Z, is immediately seen to be non-empty and contrac- 
tible. 
Choose now any simplex S E &(F, P) and set m = A {q E P, q E S}. We 
must consider two cases: 
(i) the pair (p, m) has a lower bound in P. In this case Z, = dp and 
hence Z, is contractible. 
(ii) the pair (p, m) has no lower bound in P; then, it has an upper 
bound u in P. In this case, every O-simplex {q} E ep such that q > u 
provides a conical vertex for the non-empty poset Z, and Z, turns out to be 
contractible. 
By Proposition 1, the statement follows. 
COROLLARY 2. Let F be any meet-coherent final subset of P. If P is not 
strongly complemented with respect to F, then P is acyclic. 
COROLLARY 3. Let F be any m&t-coherent final subset of P. If P is not 
strongly complemented with respect to F, then p(P) equals zero. 
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